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Abstract We make use of the conformal compactification of Minkowski spacetime
M# to explore a way of describing general, nonlinear Maxwell fields with conformal
symmetry. We distinguish the inverse Minkowski spacetime [M#]−1 obtained via
conformal inversion, so as to discuss a doubled compactified spacetime on which
Maxwell fields may be defined. Identifying M# with the projective light cone
in (4 + 2)-dimensional spacetime, we write two independent conformal-invariant
functionals of the 6-dimensional Maxwellian field strength tensors—one bilinear,
the other trilinear in the field strengths—which are to enter general nonlinear
constitutive equations. We also make some remarks regarding the dimensional
reduction procedure as we consider its generalization from linear to general
nonlinear theories.
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1 Introduction

It is well-known that in (3+ 1)-dimensional spacetime (Minkowski space), denoted
M(4), Maxwell’s equations respect not only Poincaré symmetry, but also conformal
symmetry. But the physical meaning of this conformal symmetry is still not entirely
clear. A historical review is provided by Kastrup [6].

In our ongoing work, we have been investigating the characterization of general,
nonlinear conformal-invariant Maxwell theories [2]. Our strategy is to make use
of the identification of the conformal compactification M# of Minkowski space
with the projective light cone in (4 + 2)-dimensional spacetime Y (6) [1]. Poincaré
transformations, dilations, and special conformal transformations act by rotations
and boosts in Y (6). Nikolov and Petrov [9] consider a linear Maxwell theory in
Y (6), and carry out a ray reduction and dimensional reduction procedure to obtain
conformal-invariant theories in M(4). The result is a description of some additional
fields that might survive in M(4). To handle nonlinear Maxwell theories, we allow
the constitutive equations to depend explicitly on conformal-invariant functionals
of the field strength tensors (with the goal of carrying out a similar dimensional
reduction). This parallels, in a certain way, the approach taken by two of us in earlier
articles describing general (Lagrangian and non-Lagrangian) nonlinear Maxwell
and Yang–Mills theories with Lorentz symmetry in M(4) [3, 4].

This contribution surveys some of the key ideas underlying our investigation. A
major tool is to focus on the behavior of the fields and the coordinates under confor-
mal inversion. We introduce here the resulting “inverse Minkowski space” obtained
via conformal inversion, and consider the possibility of defining Maxwellian fields
independently on the inverse space. We also write two independent conformal-
invariant functionals of the Maxwell field strength tensors in Y (6)—one bilinear,
the other trilinear in the field strengths. These are the functionals which are to
enter general nonlinear constitutive equations in the (4+2)-dimensional theory. We
also make some remarks regarding the dimensional reduction procedure from six to
four dimensions, as we consider its generalization from linear to general nonlinear
theories.

2 Conformal Transformations and Compactification

2.1 Conformal Transformations in Minkowski Space

The full conformal group for (3 + 1)-dimensional Minkowski spacetime M(4), as
usually defined, includes the following transformations. For x = (xμ) ∈ M(4),
μ = 0, 1, 2, 3, we have:
translations:

x′μ = (Tb x)
μ = x μ − bμ ; (2.1)
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spatial rotations and Lorentz boosts, for example:

x′ 0 = γ (x0−βx1) , x′ 1 = γ (x1−βx0) , −1 < β = v

c
< 1 , γ = (1−β2)−

1
2 ;

(2.2)
or more generally,

x′μ = ($x)μ = $μ
ν xν (Einstein summation convention) ; (2.3)

and dilations:

x′μ = (Dλ x)
μ = λx μ , λ > 0 ; (2.4)

all of which are causal in M(4). Let us consider conformal inversion R, which acts
singularly on M(4), and breaks causality:

x′μ = (R x)μ = x μ/xνx
ν, where (2.5)

xνx
ν = gμνxμx

ν , gμν = diag [1,−1,−1,−1] . (2.6)

Evidently R2 = I . That is, neglecting singular points, conformal inversion is
like a reflection operator: inverting twice yields the identity operation. Conformal
inversion preserves the set of light-like submanifolds (the “light rays”), but not the
causal structure. Locally, we have:

gμνdx
′μdx′ ν = 1

(xσ xσ )2 gμνdx
μdxν . (2.7)

Combining inversion with translations, and inverting again, gives us the special
conformal transformations Cb, which act as follows:

x′μ = (Cb x)
μ = (RTb R x)μ = (x μ − bμxνx

ν)/(1− 2bνx
ν + bνb

νxσ x
σ ) .

(2.8)
The operators Cb belong to the conformal group, and can be continuously connected
to the identity.

2.2 Conformal Compactification

We can describe Minkowski space M(4) using light cone coordinates. Choose a
particular (spatial) direction in R3. Such a direction is specified by a unit vector û,
labeled (for example) by an appropriate choice of angles in spherical coordinates. A
vector x ∈ R3 is then labeled by angles and by the coordinate u, with −∞ < u <
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∞, and x · x = u2. With respect to this direction, we introduce the usual light cone
coordinates,

u± = 1√
2
(x0 ± u) . (2.9)

Then for x = (x0, x), we have xμx
μ = 2u+u−; so under conformal inversion

(with obvious notation),

u ′ + = 1

2u−
, u ′ − = 1

2u+
. (2.10)

To obtain the conformal compactification M# of the (3 + 1)-dimensional
Minkowski space M(4), we formally adjoin to it the set J of necessary “points
at infinity.” These are the images under inversion of the light cone L(4) ⊂ M(4)

(defined by either u+ = 0 or u− = 0), together with the formal limit points of L(4)

itself at infinity (which form an invariant submanifold of J ). Here J is the well-
known “extended light cone at infinity.” The resulting space M# = M(4) ∪ J has
the topology of S3 × S1/Z2.

In the above, we understand the operators Ta , $
μ
ν , Dλ, R, and Cb as trans-

formations of M#. Including these operators but leaving out R, we have what is
often referred to as the “conformal group,” all of whose elements are continuously
connected to the identity. There are many different ways to coordinatize M# and to
visualize its structure, which we shall not discuss here.

3 Inverse Minkowski Space

3.1 Motivation and Definition

In the preceding construction, which is quite standard, there is a small problem
with the units. We glossed over (as do nearly all authors) the fact that x μ has the
dimension of length, while the expression for (R x)μ has the dimension of inverse
length. Thus we cannot actually consider R as a transformation on Minkowski space
(or on compactified Minkowski space) without arbitrarily fixing a unit of length!

Furthermore, regarding the formula for (Cb x)
μ, it is clear that b must have the

dimension of inverse length; but in the expression for (Tb x)μ, it has the dimension
of length.

Kastrup [5] suggested introducing a Lorentz-invariant “standard of length” κ

at every point, having the dimension of inverse length, and working with the
dimensionless coordinates ημ = κxμ together with κ . This leads into a discussion
of geometrical gauge properties of Minkowski space.

Let us consider instead the idea of introducing a separate “inverse Minkowski
space” [M(4)]−1, whose points z have dimension of inverse length. Then we can
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let zμ = (R̂ x)μ = xμ/xνx
ν belong to [M(4)]−1. As before, in order to define

R̂ on the light cone, we shall need to compactify: first, to compactify [M(4)]−1

so as to include the image points of R̂ acting on the light cone in M(4), and then
to compactify [M(4)], obtaining [M#]−1 and M#. The two spaces are, of course,
topologically and geometrically the same, with R̂ : M# → [M#]−1, and its inverse
R̂−1 : [M#]−1 → M#, given by the same formula: xμ = zμ/zνz

ν .
Just as we have Ta , $

μ
ν , Dλ, and Cb acting in M# (allowing a to have the

dimension of length, and b to have the dimension of inverse length), we now define
corresponding transformations, T̃b, $̃μ

ν , D̃λ, and C̃a acting in [M#]−1, using the
same formulas as before, but with z replacing x. Thus, (T̃b z)μ = zμ − bμ, and so
forth. Now,

Cb = R̂−1T̃bR̂, Dλ = R̂−1D̃1/λR̂, $ = R̂−1$̃R̂, Ta = R̂−1C̃bR̂ .

(3.1)

3.2 Conformal Lie Algebra

The well-known Lie algebra of the conformal group has 15 generators, as follows:

[Pμ, Pν] = 0, [Kμ,Kν] = 0, [Pμ, d] = Pμ, [Kμ, d] = −Kμ,

[Pμ, Jαβ ] = gμαPβ − gμβPα, [Kμ, Jαβ ] = gμαKβ − gμβKα, (3.2)

[Jμν, Jαβ ] = (usual Lorentz algebra), [Pμ,Kν] = 2(gμνd− Jμν),

where the Pμ generate translations, the Kμ generate special conformal transforma-
tions, the Jαβ generate Lorentz rotations and boosts, and d generates dilations.

Evidently the exchange Pμ → Kμ, Kμ → Pμ, d → −d leaves the Lie algebra
invariant. This fact is now easily understood, if we think of it as conjugating the
operators in M with the operator R̂ to obtain the generators of transformations in
[M#]−1:

P̃μ = R̂KμR̂
−1, K̃μ = R̂PμR̂

−1, d̃ = R̂(−d)R̂−1, J̃ = R̂J R̂−1. (3.3)

3.3 Some Comments

To relate the original conformal inversion R to R̂, we may introduce an arbitrary
constant A > 0, having the dimension of area. Let Â : [M(4)]−1 → M(4) be the
operator x μ = Azμ. Then define x′μ = (RAx)

μ = (ÂR̂x)μ = Ax μ/xνx
ν , for

A > 0. Note that R 2
A = I , independent of the value of A.
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Now (letting b have units of length), we have (RATbRAx)
μ = (Cb/Ax)

μ, and
we can work consistently in the original Minkowski space and its compactification.
The introduction of the constant A parallels Kastrup’s introduction of the length
parameter κ .

However, it is also interesting not to follow this path, but to consider the doubled,
compactified Minkowski space M# ∪ [M#]−1; i.e., the disjoint union of M# and its
inverse space. It is possible to define Maxwell fields on the doubled space, making
use of the conformal inversion.

Finally we remark that a similar construction of an “inverse spacetime” can be
carried out for the Schrödinger group introduced by Niederer [8]. The Schrödinger
group consists of the Galilei group, dilation of space and time given by Dλ(t, x) =
(λ2t, λx), and additional transformations that can be considered as analogues of
special conformal transformations. The latter transformations can be obtained as
the result of an inversion, followed by time translation, and then inversion again.
Here the inversion is defined by R : (t, x) → (−1/t, x/t), with R 2 : (t, x) →
(t,−x). Note that for the Schrödinger group, there is only a one-parameter family
of transformations obtained this way, in contrast to the four-parameter family of
special conformal transformations; the Schrödinger group is only 12-dimensional,
while the conformal group is 15-dimensional.

Under inversion, the dimensions again change. Here, they change from time
and space to inverse time and velocity, respectively. Again one compactifies, and
again we have the option to introduce a “doubled spacetime,” where now it is a
compactified Galilean spacetime which has been doubled.

4 Nonlinear Electrodynamics: General Approach

4.1 Motivation and Framework for Nonlinear Maxwell Fields

Let us write Maxwell’s equations as usual (in SI units), in terms of the four fields
E,B,D, and H:

∇ × E = −∂B
∂t

, ∇ · B = 0 , ∇ ×H = ∂D
∂t
+ j , ∇ · D = ρ . (4.1)

The constitutive equations, relating the pair (E,B) to the pair (D,H), may be linear
or nonlinear. Our strategy is to introduce general constitutive equations respecting
the desired symmetry at the “last possible moment.”

Now the general nonlinear theory with Lorentz symmetry has constitutive
equations of the form

D = MB+ 1

c2 NE , H = NB−ME , (4.2)
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where M and N may depend on the field strengths via the two Lorentz invariants

I1 = B2 − 1

c2
E2 , I2 = B · E . (4.3)

In the linear case, M and N are constants.
Our initial motivation for studying nonlinear Maxwell theories with symmetry

was to explore the existence of a Galilean limit [3]. It is well known that taking a
Galilean limit c → ∞ in the linear case requires losing one of the time-derivative
terms in Maxwell’s equations, as described carefully by Le Bellac and Lévy–
Leblond [7]. But in the general nonlinear case (allowing non-Lagrangian as well
as Lagrangian theories), we showed that all four Maxwell equations can survive
intact. Here I1 and I2 survive, and can yield nontrivial theories in the c→∞ limit.

We remark here that introducing conformal symmetry in this context further
restricts the invariants, leaving only the ratio I2/I1 as an invariant.

In covariant form, Maxwell’s equations are written (in familiar notation):

∂αF̃
αβ = 0 , ∂αG

αβ = jβ , (4.4)

where

F̃ αβ = 1

2
εαβμνFμν and Fμν = ∂μAν − ∂νAμ . (4.5)

Here the constitutive equations relate G to F and F̃ . With Lorentz symmetry, they
take the general form

Gμν = NFμν + cMF̃μν ≡ M1
∂I1

∂Fμν

+M2
∂I2

∂Fμν

, (4.6)

where M and N (or, equivalently, M1 and M2) are functions of the Lorentz invariants
I1 and I2:

I1 = 1

2
FμνF

μν , I2 = − c

4
FμνF̃

μν . (4.7)

4.2 Transformations Under Conformal Inversion

Under conformal inversion, we have the following symmetry transformations of the
electromagnetic potential, and of spacetime derivatives:

A′μ(x′) = x2Aμ(x)− 2xμ(x
αAα) (4.8)

∂ ′μ :=
∂

∂x′
= x2∂μ − 2xμ(x · ∂) (4.9)
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where we here abbreviate x2 = xμx
μ and (x · ∂) = xα∂α . Then with Fμν =

∂μAν − ∂νAμ, we have:

F ′μν(x′) = (x2)2Fμν(x)− 2x2xα(xμFαν + xνFμα) (4.10)

and

�′ = (x2)2�− 4x2(x · ∂) , (4.11)

where the d’Alembertian � = ∂μ∂
μ. Additionally, the 4-current jμ transforms by

j ′μ(x′) = (x2)3jμ(x) − 2(x2)2xμ(x
αjα(x)) . (4.12)

These transformations define a symmetry of the (linear) Maxwell equations,

�Aν − ∂ν(∂
αAα) = jν . (4.13)

That is, if A(x) and j (x) satisfy (4.13), then A′(x′) and j ′(x′) satisfy the same
equation with � ′ and ∂ ′ in place of � and ∂ , respectively. Combining this symmetry
with that of the Poincaré transformations and dilations, we have the symmetry with
respect to the usual conformal group.

But note that the symmetry under conformal inversion can be interpreted to
suggest not only a relation among solutions to Maxwell’s equations in M#, but also
the definition of new Maxwell fields on the inverse compactified Minkowski space
[M#]−1.

4.3 Steps Toward General Nonlinear Conformal-Invariant
Electrodynamics

We see the remaining steps in constructing general, nonlinear conformal invariant
Maxwell theories (both Lagrangian and non-Lagrangian) as the following. Identi-
fying M# with the projective light cone in the (4 + 2)-dimensional space Y (6), we
write Maxwell fields in Y (6), and constitutive equations in Y (6). The constitutive
equations depend only on conformal-invariant functionals of the Maxwell fields in
Y (6), which we identify. To restrict the theory to the projective light cone, we then
carry out a dimensional reduction procedure, as discussed by Nikolov and Petrov
[9]. In doing this we make use of the “hexaspherical space” Q(6)—transforming all
the expressions to hexaspherical coordinates, and proceeding from there.
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5 Related (4+2)-Dimensional Spaces

In this section we review the (4+2)-dimensional spaces Y (6) and Q(6), highlighting
how conformal inversion acts in these spaces.

5.1 The Space Y (6)

For y ∈ R6, write y = (ym),m = 0, 1, . . . , 5, define the flat metric tensor ηmn =
diag[1,−1,−1,−1;−1, 1], so that

ymy
m = ηmny

myn = (y0)2 − (y1)2 − (y2)2 − (y3)2 − (y4)2 + (y5)2 . (5.1)

This is the space we call Y (6). The light cone L(6) is then the submanifold
specified by the condition,

ymy
m = 0 , or (y1)2 + (y2)2 + (y3)2 + (y4)2 = (y0)2 + (y5)2 . (5.2)

To define the projective space PY (6) and the projective light cone PL(6), consider
y = (ym) ∈ Y (6), and define the projective equivalence relation,

(ym) ∼ (λym) for λ ∈ R, λ �= 0 . (5.3)

The equivalence classes [y] are just the rays in Y (6); and PY (6) is this space of rays.
To describe the projective light cone PL(6), we may choose one point in each ray

in L(6). Referring back to Eq. (5.2), if we consider

(y1)2 + (y2)2 + (y3)2 + (y4)2 = (y0)2 + (y5)2 = 1, (5.4)

we see that we have S3 × S1. But evidently the above condition selects two points
in each ray; so PY (6) can in this way be identified with (and has the topology of)
S3 × S1/Z2.

Furthermore, PL(6) can be identified with M#. When y4 + y5 �= 0, the
corresponding element of M# belongs to M(4) (finite Minkowski space), and is
given by

xμ = yμ

y4 + y5
, μ = 0, 1, 2, 3. (5.5)

The “light cone at infinity” corresponds to the submanifold y4+y5 = 0 in PL(6).
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5.2 Conformal Transformations in Y (6)

The 15 conformal group generators act via rotations in the (4+2)-dimensional space
Y (6), so as to leave PL(6) invariant. Setting

Xmn = ym∂n − yn∂m (m < n) , (5.6)

one has the 6 rotation and boost generators

Mmn = Xmn (0 ≤ m < n ≤ 3) , (5.7)

the 4 translation generators

Pm = Xm5 −Xm4 (0 ≤ m ≤ 3) , (5.8)

the 1 dilation generator

D = −X45 , (5.9)

and the 4 special conformal generators,

Km = −Xm5 −Xm4 , (0 ≤ m < n ≤ 3) . (5.10)

But of course, from these infinitesimal transformations we can only construct
the special conformal transformations, which act like (proper) rotations and boosts.
Conformal inversion acts in Y (6) by reflection of the y5 axis, which makes it easy to
explore in other coordinate systems too:

y′m = ym(m = 0, 1, 2, 3, 4) , y′5 = −y5 , (5.11)

or more succinctly, y′m = Km
n yn, where Km

n = diag [1, 1, 1, 1, 1,−1].

5.3 The Hexaspherical Space Q(6)

This space is a different (4 + 2)-dimensional space, defined conveniently for
dimensional reduction. For q ∈ R6, write q = (qa) with the index a =
0, 1, 2, 3,+,−. Then define, for y ∈ Y (6), with y4 + y5 �= 0,

qa = ya

y4 + y5 (a = 0, 1, 2, 3); q+ = y4+ y5 ; q− = ymy
m

(y4 + y5)2 . (5.12)
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In Q(6) the metric tensor is no longer flat:

gab(q) =
⎛

⎜⎝
(q+)2gμν 0 0

0 q− q+
2

0 q+
2 0

⎞

⎟⎠ (5.13)

The projective equivalence is simply

(q0, q1, q2, q3, q+, q−) ∼ (q0, q1, q2, q3, λq+, q−) , λ �= 0. (5.14)

We comment, however, that with this metric tensor, the map from contravariant
to covariant vectors in Q(6) is actually two-to-one; hence, it is not invertible. This
suggests that one can improve on the hexaspherical coordinatization, a discussion
we shall not pursue here.

When we take q− to zero, we have the light cone in Q(6), while fixing the value
q+ = 1 is one way to select a representative vector in each ray. Another comment,
however, is that fixing q+ actually breaks the conformal symmetry. This is a subtle
point that does not cause practical difficulty, but seems to have been unnoticed
previously.

Convenient formulas for the transformation of q-coordinates under conformal
inversion may be found in [2].

6 Maxwell Theory with Nonlinear Constitutive Equations
in (4 + 2)-Dimensional Spacetime

6.1 Nonlinear Maxwell Equations in Y (6)

Next we introduce 6-component fields Am in Y (6), and write

Fmn = ∂mAn − ∂nAm , (6.1)

so that

∂Fmn

∂yk
+ ∂Fnk

∂ym
+ ∂Fkm

∂yn
= 0 . (6.2)

While this is not really the most general possible “electromagnetism” in 4 space and
2 time dimensions, it is the theory most commonly discussed in the linear case, and
the one we wish to generalize. As before, we defer writing the constitutive relations,
and we have:

∂Gmn

∂ym
= J n , (6.3)

where J n is the 6-current.
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For the nonlinear theory, we next need general conformal-invariant nonlinear
constitutive equations relating Gmn to Fmn. But conformal invariance now means
rotational invariance in Y (6). Thus we write

Gmn = Rmnk�Fn� + Pmnk�rsFk�Frs , (6.4)

where the tensors R and P take the general form,

Rmnk� = r (· · · ) (ηmkη�n− ηnkη�m) , and Pmnk�rs = p (· · · ) εmnk�rs . (6.5)

Here r and s must be functions of rotational invariants, which we next write down.

6.2 Invariants for the General Nonlinear Maxwell Theory
with Conformal Symmetry

We can now write two rotation-invariant functionals of the field strength tensor in
Y (6). The first invariant is, as expected,

I1 = 1

2
FmnF

mn . (6.6)

But unlike in the (3+1)-dimensional case, the second rotational invariant is trilinear
in the field strengths:

I2 = 1

2
εmnk�rsFmnFk�Frs . (6.7)

This is a new pattern. Then, in Eq. (6.3), we have

r = r (I1, I2) , p = p (I1, I2) , (6.8)

with I1 and I2 as above.
In Q(6), the invariants take the form,

I1(q) = 1

2
Fab(q)F

ab(q) = 1

2
gacgbdFab(q)Fcd(q) , (6.9)

I2(q) = 1

(q+)5 εabcdegFab(q)Fcd(q)Feg(q) (6.10)

= 1

2
(det J̄ ) εabcdegFab(q)Fcd(q)Feg(q) ,

where J̄ is a Jacobian matrix for transforming between y and q-coordinates. Note
that in the above, ε is the Levi–Civita symbol. The Levi–Civita tensor with raised
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indices is defined generally as (1/
√|g| )ε, where g = det[gab]. Here this becomes

(det J̄ ) εabcdeg .
The explicit presence of q+ in the expression for I2 explains why the condition

q+ = 1 does not respect the conformal symmetry: the value of q+ can change under
conformal transformations.

7 Dimensional Reduction to (3 + 1) Dimensions

The final steps are to carry out a ray reduction and dimensional reduction of the
(4+ 2)-dimensional Maxwell theory with conformal symmetry.

A prolongation condition states that the Maxwell fields respect the ray equiva-
lence in Y (6)):

yk∂kAn ∝ An . (7.1)

A splitting relation allows the characterization of components tangential to LC(6):

∂An

∂yn
= 0 (a gauge condition) . (7.2)

One then expresses everything in Q(6) (hexaspherical coordinates), and restricts
to the light cone by taking q− → 0, to obtain (as in the linear case) a general
conformal nonlinear electromagnetism in (3+ 1) dimensions, with some additional
fields surviving the dimensional reduction.

In this article we have highlighted some new features suggested by the conformal
symmetry of nonlinear Maxwell fields, including the idea of doubling the compact-
ified Minkowski spacetime, and the trilinear form of one of the conformal invariant
functionals in Y (6). For some additional details, see also [2].

Acknowledgements The first author (GG) wishes especially to thank Professor Hounkonnou,
who has been the inspiration behind his many visits to Benin as a visiting lecturer, and as a
participant in the international “Contemporary Problems in Mathematical Physics” (Copromaph)
conference series and school series. Acknowledgment is due to the International Centre for
Theoretical Physics in Trieste, Italy, for partial support of these visits.

References

1. P.A.M. Dirac, Wave equations in conformal space. Ann. Math. 37 (2), 429–442 (1935)
2. S. Duplij, G.A. Goldin, V.M. Shtelen, Conformal inversion and Maxwell field invariants in

four- and six-dimensional spacetimes, in Geometric Methods in Physics: XXXII Workshop,
Bialowieza, 2013, ed. by P. Kielanowski et al. (Springer, Basel, 2014)



224 G. A. Goldin et al.

3. G.A. Goldin, V.M. Shtelen, On Galilean invariance and nonlinearity in electrodynamics and
quantum mechanics. Phys. Lett. A 279, 321–326 (2001)

4. G.A. Goldin, V.M. Shtelen, Generalization of Yang-Mills theory with nonlinear constitutive
equations. J. Phys. A Math. Gen. 37, 10711–10718 (2004)

5. H.A. Kastrup, Conformal group in space-time. Phys. Rev. 142(4), 1060–1071 (1966)
6. H.A. Kastrup, On the advancements of conformal transformations and their associated symme-

tries in geometry and theoretical physics. Ann. Phys. 17(9–10), 631–690 (2008)
7. M. Le Bellac, J.-M. Lévy-Leblond, Galilean electromagnetism. Nuovo Cimento B 14(2), 217–

234 (1973)
8. U. Niederer, The maximal kinematical invariance group of the free Schrödinger equation. Helv.

Phys. Acta 45, 802–810 (1972)
9. P.A. Nikolov, N.P. Petrov, A local approach to dimensional reduction II: conformal invariance

in Minkowski space. J. Geom. Phys. 44(4), 539–554 (2003)


	Dedication
	Preface
	Acknowledgments
	Contents
	Contributors
	Metric Operators, Generalized Hermiticity, and Partial Inner Product Spaces
	1 Introduction
	2 Metric Operators
	3 Similar and Quasi-Similar Operators
	4 The Lattice Generated by a Single Metric Operator
	5 Quasi-Hermitian Operators
	6 The LHS Generated by Metric Operators
	7 (Quasi-)Similarity for pip-Space Operators
	7.1 General pip-Space Operators
	7.2 The Case of Symmetric pip-Space Operators

	8 Semi-Similarity of pip-Space Operators
	9 Pseudo-Hermitian Hamiltonians
	References

	Beyond Frames: Semi-frames and Reproducing Pairs
	1 Introduction
	2 Preliminaries: Frames and Semi-frames
	2.1 Frames
	2.2 Semi-frames

	3 Reproducing Pairs
	3.1 The Hilbert Spaces Generated by a Reproducing Pair
	3.2 Duality Properties of the Spaces Vϕ(X, μ) 

	4 Existence and Nonuniqueness of Reproducing Partners
	5 Examples of Reproducing Pairs
	5.1 Discrete Examples
	5.1.1 Orthonormal Basis
	5.1.2 Riesz Basis
	5.1.3 Discrete Upper and Lower-Semi Frames

	5.2 Continuous Examples
	5.2.1 Continuous Frames
	5.2.2 1D Continuous Wavelets
	5.2.3 A Continuous Upper Semi-frame: Affine Coherent States
	5.2.4 Continuous Wavelets on the Sphere
	5.2.5 Genuine Reproducing Pairs, Applications


	6 Interlude: Reproducing Pairs and pip-Spaces
	7 Reproducing Pairs and RHS
	7.1 A Hilbertian Approach
	7.2 The General Case

	8 Reproducing Pairs and Genuine pip-Spaces
	9 The Case of a Hilbert Triplet or a Hilbert Scale
	9.1 The General Construction
	9.2 Examples

	10 The Case of Lp Spaces
	11 Concluding Remarks
	Appendix: Lattices of Banach or Hilbert Spaces
	References

	On Hilbert-Schmidt Operator Formulation of Noncommutative Quantum Mechanics
	1 Introduction
	2 von Neumann Algebras: Modular Theory, Hilbert-Schmidt Operators, and Coherent States
	2.1 Basics on von Neumann Algebras
	2.2 Hilbert Space of Hilbert-Schmidt Operators
	2.3 Modular Theory and Hilbert-Schmidt Operators
	2.3.1 Modular Theory
	2.3.2 Vector State and von Neumann Algebras
	2.3.3 von Neumann Algebras Generated by Unitary Operators

	2.4 Modular Theory-Thermal State
	2.5 Coherent States Built from the Harmonic Oscillator Thermal State
	2.5.1 Electron in a Magnetic Field
	2.5.2 Coherent States built from the Thermal State


	3 Noncommutative Quantum Harmonic Oscillator Hilbert Space
	4 Application
	4.1 Coherent States Construction
	4.2 Density Matrix and Diagonal Elements
	4.3 Lowest Landau Levels and Reproducing Kernel
	4.4 Statistical Properties

	5 Concluding Remarks
	References

	Symplectic Affine Action and Momentum with Cocycle
	1 Introduction
	2 Lie Group Action
	2.1 Preliminaries

	3 Momentum Mapping
	3.1 Coadjoint Cocycle
	3.2 The Orbits of an Affine Action

	4 Towards a Generalization
	References

	Some Difference Integral Inequalities
	1 Introduction
	2 Preliminaries
	2.1 Difference Derivative and Integral
	2.2 Linear Difference Equations of First Order

	3 Difference Integral Inequalities
	3.1 Hölder and Cauchy-Schwartz Inequalities
	3.2 Minkowski Inequality
	3.3 Grönwall Inequality
	3.4 Bernoulli Inequality
	3.5 Lyapunov Inequality

	References

	Theoretical and Numerical Comparisons of the Parameter Estimator of the Fractional Brownian Motion
	1 Introduction
	2 Two Classical Parametric Estimators
	2.1 Maximum Likelihood Estimation
	2.2 Whittle Estimation

	3 Other Classical Semi-parametric Estimators
	3.1 R/S and Modified R/S Statistics
	3.2 Second-Order Quadratic Variations
	3.3 Detrended Fluctuation Analysis (DFA)
	3.4 Increment Ratio Statistic
	3.5 Wavelet Based Estimator

	4 Numerical Applications and Results of Simulations
	4.1 Concrete Procedures of Estimation of H
	4.2 Results of Simulations

	5 Conclusion
	References

	Minimal Lethal Disturbance for Finite Dimensional Linear Systems
	1 Introduction
	2 Viability Radius and Minimal Lethal Disturbance
	2.1 Viability Concept: Definition and Characterization
	2.2 Viability Radius
	2.2.1 Definitions and Examples
	2.2.2 Characterization

	2.3 Minimal Lethal Disturbance (MLD) 

	3 Controlled System
	3.1 Viability Kernel and Viability Radius
	3.2 Robust Viability and Viability Radius for Linear Finite Dimensional System
	3.2.1 Problem Statement
	3.2.2 Problem Approach
	3.2.3 Example


	4 Connection with Minimal Lethal Dose in Toxicity
	5 Conclusion
	References

	Walker Osserman Metric of Signature (3,3)
	1 Introduction
	2 Preliminaries
	2.1 Affine Manifolds
	2.2 Affine Osserman Manifolds
	2.3 The Riemann Extension Construction

	3 Example of Affine Osserman Connections
	4 Example of Walker Osserman Metric
	Appendix 1: Components of the Curvature Tensor
	Appendix 2: Osserman Geometry
	References

	Conformal Symmetry Transformations and Nonlinear Maxwell Equations
	1 Introduction
	2 Conformal Transformations and Compactification
	2.1 Conformal Transformations in Minkowski Space
	2.2 Conformal Compactification

	3 Inverse Minkowski Space
	3.1 Motivation and Definition
	3.2 Conformal Lie Algebra
	3.3 Some Comments

	4 Nonlinear Electrodynamics: General Approach
	4.1 Motivation and Framework for Nonlinear Maxwell Fields
	4.2 Transformations Under Conformal Inversion
	4.3 Steps Toward General Nonlinear Conformal-Invariant Electrodynamics

	5 Related (4+2)-Dimensional Spaces
	5.1 The Space Y(6 )
	5.2 Conformal Transformations in Y(6)
	5.3 The Hexaspherical Space Q(6)

	6 Maxwell Theory with Nonlinear Constitutive Equations in (4+2)-Dimensional Spacetime
	6.1 Nonlinear Maxwell Equations in Y(6)
	6.2 Invariants for the General Nonlinear Maxwell Theory with Conformal Symmetry

	7 Dimensional Reduction to (3+1) Dimensions
	References

	The Yukawa Model in One Space - One Time Dimensions
	References

	Towards the Quantum Geometry of Saturated Quantum Uncertainty Relations: The Case of the (Q,P) Heisenberg Observables
	1 Introduction
	2 The Uncertainty Relation for the Heisenberg Algebra
	3 A Reference Fock Algebra
	4 Fock Algebras for the Saturating Quantum States
	4.1 Reversible Parametrisation Packages
	4.2 Correlated Squeezed Fock Algebras and Their Vacua
	4.3 Squeezed Fock Vacua and SR-UR Saturating Quantum States

	5 Overcompleteness and Kernel Representation
	6 Correlated Squeezed State Wavefunctions
	6.1 Squeezed State Configuration Space Wave Functions
	6.2 The Fundamental Overlap "426830A Ωz2(u2)|Ωz1(u1)"526930B  of Squeezed States

	7 Conclusions
	Appendix 1: Cauchy–Schwarz Inequality and Quantum Uncertainty Relations
	Appendix 2: Baker–Campbell–Hausdorff Formulae
	References

	The Role of the Jacobi Last Multiplier in Nonholonomic Systems and Locally Conformal Symplectic Structure
	1 Introduction
	2 Preliminaries
	2.1 Inverse Problem and the Jacobi Last Multiplier

	3 Nonholonomic Free Particle, Conformal Structure, and Jacobi Last Multiplier
	3.1 Reduction, Constrained Hamiltonian and Nonholonomic Systems
	3.2 Hamiltonization and Reduction Using Jacobi Multiplier
	3.3 Conformally Hamiltonian Formulation of Nonholonomic Systems

	4 Integrability of Nonholonomic Dynamics and Locally Conformally Symplectic Structure
	4.1 Role of Jacobi's Multiplier and Integrability of Nonholonomic Dynamical Systems
	4.2 JLM and Commuting of Vector Fields

	5 Final Comments and Outlook
	References

	Non-perturbative Renormalization Group of a U(1) Tensor Model
	1 Introduction
	2 U(1)d Tensorial Group Field Theory
	3 Functional Renormalization Group with Closure Constraint
	3.1 Flow Equations in the UV Regime

	4 Fixed Points in the UV Regime
	4.1 Vicinity of the Gaussian Fixed Point
	4.2 Non-Gaussian Fixed Points

	5 Concluding Remarks
	References

	Ternary Z2 and Z3 Graded Algebras and Generalized Color Dynamics
	1 Introduction
	1.1 Z2 and Z3 Symmetries and Gradings

	2 Examples of  Z3-Graded Ternary Algebras
	3 Ternary and Cubic Algebras
	4 Examples of  Z3-Graded Ternary Algebras
	4.1 The Z3-Graded Analogue of Grassmann Algebra
	4.2 The Z3 Graded Differential Forms
	4.3 Ternary Clifford Algebra

	5 Generalized Z2 Z3-Graded Ternary Algebra
	6 Two Distinct Gradings: Z3 Z2 Versus Z6
	7 Low-Dimensional Algebras
	8 Ternary Dirac Equation
	9 Solutions
	10 Relativistic Invariance
	11 Propagators
	12 Conclusion
	References

	Pseudo-Solution of Weight Equations in Neural Networks: Application for Statistical Parameters Estimation
	1 Introduction
	2 Framework
	2.1 Development of the Algebraic Approach
	2.2 Proposed Algorithm 

	3 Experiments and Results
	3.1 Rates of Traders Thinking of the Trade in Terms of Its Dangerous Character 
	3.2  Rates of Traders Susceptible to Give Up Trading

	4 Discussion
	5 Conclusion
	Appendix
	References

	A Note on Curvatures and Rank 2 Seiberg–Witten Invariants
	1 Introduction
	2 The Seiberg–Witten Equations
	3 Curvature Estimates
	4 Einstein Metrics
	References

	Shape Invariant Potential Formalism for Photon-Added Coherent State Construction
	1 Introduction
	2 Mathematical Formulation of SUSYQM: Integrability Condition and Coherent State Construction
	3 Construction of Photon-Added Coherent States for Shape Invariant Systems
	3.1 Definition of the PA-SIPCS
	3.2 Label Continuity
	3.3 Overcompleteness
	3.4 Thermal Statistics

	4 Pöschl–Teller Potential
	4.1 First Choice of the Functional  Zj
	4.2 Second Choice of the Functional  Zj

	5 Concluding Remarks
	References

	On the Fourier Analysis for L2 Operator-Valued Functions
	1 Introduction
	2 Preliminaries
	3 A Pre-Hilbert Module Structure on L2(G, B(H))
	4 The Fourier Transform of Functions in L2(G, B2(H)) 
	5 The ρ-Fourier Transform for  L2(G, B(H)) Functions
	References

	Electrostatic Double Layers in a Magnetized Isothermal Plasma with two Maxwellian Electrons
	1 Introduction
	2 Theoretical Analysis
	3 Conclusion
	References

	Star Products, Star Exponentials, and Star Functions
	1 Star Product on Polynomials
	1.1 Moyal Product
	1.2 Star Product
	1.3 Equivalence and Geometric Picture of Weyl Algebra

	2 Extension to Functions
	2.1 Star Product on Certain Holomorphic Function Space

	3 Star exponentials
	3.1 Definition
	3.2 Examples

	4 Star Functions
	4.1 Star Hermite Function
	4.2 Star Theta Function
	4.3 *-Delta Functions

	References

	Index

